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A note on the distribution function of density fluctuations in
the model COFIN

Lutz Janicke

Mirz 2006

Abstract

In the model COFIN the density fluctuations in a plume are derived from LIDAR measurements.
However, the distribution function given is neither normalized nor non-negative. It is shown how
these deficiencies can be removed.

Preface to second edition

The only change with respect to the first edition is a correction of the graphical representation
of the Weibull distribution.
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Lutz Janicke: Density fluctuations in the model COFIN 2

1 Analysis of the COFIN model

The report Risg-R-1329(EN)! on the model COFIN describes in chapter 3.11 a model for the
probability density function (pdf) P(c, y) of concentration fluctuations in the moving system of
a plume. c is the concentration and y the (horizontal) distance from the plume axis. We cite from
this report. A pdf is normalized, i.e. it has to fullfill the equation

f P(c,y)dc=1. (D)
0
The following definitions are made:
c(y) = f P(c,y)c"dc for n=1,2,..., 2)
0
no = ¢x(0), 3)
Co =C10, 4)
+00 +00
= [ awra [ awa. 5)
The following relations have been observed analysing LIDAR measurements:
Cn(y) = Anf(y/o-n) s (6)
Tt P ith g~ 19, 7
o, 1+
P(c,0) = g2(c), (8)
p_ (pc\"
(0) = (—) exp(—pc/co) . )
Ir col'(p) \ co ppelco

From these relations the following pdf is deduced:

P(c,y) = [1 —yW1d(c) + y(y)Pc(c,y) (10)
Pu(c,y) = i—g L+25 1—3)2-;84se2“c/ D exp [~e2¢/c + 253 - B)] . (11)
Yw) = (1 + 2%)6Xp(—2lyl/cro), (12)
oo = 1;'801, (13)
5= %’w. (14)

I'M.NieLsen, P.C.Cuarwin, H.E. JgrGensen, N.Mote, R.J.Munro, S.Ort: Concentration Fluctuations in Gas
Releases by Industrial Accidents — Final Report.Risg-R-1329(EN), Risg National Laboratory, Roskilde, Denmark
(May 2002)
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The general structure of P.(c, y) is

P.(c,y) = ai(y)c[1 + a(y)c] exp[—az(y)c],

4 1+258-2) )
a(y) = - Tir2p exp[2s(3 - B)],
o) = 45e*
=+ 25821
2 2s
az(y) = =,
Co

Equation (1) applied to equation (10) yields

1=y + vy fo P.c,y)dc=1.

(15)

(16)

7)

(18)

(19)

That means P, itself must be normalized. We try to verify this condition in the following. Using

the relations

f cexp(—asc)dc = a3,
0

f c? exp(—asc)dc = 24153
0

we get:

0 a;  2aa
f P.(c,y)dc = —;+ 13 2,
0 (13 613

ap
= —(a3 +2ay),
a;

_a 2% N 8se?s

Al coll+2s3-2)1)°
a; 2e* 1 +2s(B—2)+4s

a c 1+2sB-2)

4 1+25(B-2)cg2 1+2sB

== ———— —exp[2s(3 - B) — 65 + 2s],

2 1+2s8 8col+2s5(8-2)

= exp[2s(1 = B)].

Therefore, the pdf P.(c, y) is correctly normalized only if s = 0, i.e. on the plume axis.
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(20)

21

(22)

(23)

(24)

(25)

(26)

27)
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2 Correction of the deficiencies

The deficiency seems to have its origin in a typing error in equation (COFIN.163) which cor-
rectly should read

P(c,y) =[1 - y®)]d(c)

28
+expl2s(1 = B)IH(I[1 — 2s(1 — B)] — 2esexpl2s(2 - BIH' (L), 8
{ =ce* . (29)
This can be written as
L 2 (1 =285+ 2sp)H — 2s{H’
P(c.y) = [1 = YW)] 5(c) + Y(y)e 25 (30)
using
Y(y) = (1 +2Bs) exp(—2Ps) . 31
Therefore, we have
_ 2s _ 2s ’
Pc,y)=e {H(K) i 2ﬁs[H(Z) +¢H (Z)]} : (32)
The function H({) is normalized, therefore
® ® 2s ,
[ repac= | {H(@ - @+ H (;)]} az. (33)
-2 o 34
1+ 28s ’ 34
=1 (35)

using partial integration for the evaluation of f {H’({) dZ. Starting from equation (32), also the
higher moments of the pdf can be checked:

c, = fw P(c,y)c" dc, (36)
0
= y(y) fm P.c,y)c"dc for n>1, (37)
0
_ -2ns ~ n _ 2s n n+1 ryr
= y(ye j(; {§ H({) 1 +2,8s[§ HO+{"H (5)]} dZ, (33)
= exp[-2s(B + n)]{(1 + 28s)H, — 2s[H, — (n + 1)H, ]} , 39)
with H, = fw HO)Mde, (40)
0

= H,[1 + 2s(B + n)] exp[-2s(B + n)], 41)
= H,[1 + 2|yl/o,] exp[-2lyl /o] . (42)
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This is the required expression of equation (6).

Replacing H({) in equation (32) by the Gamma distribution g,({) of equation (9)

4
02(0) = c—fexp(—%/co), 43)
0
, 4 8¢
Lg5(0) = { | exp(=2L/co) — = CXP(—2§/C0)] , (44)
€ Co
2
= 2(0) [1 - —5] )
Co
yields the pdf
— 25 _ 2s _~E 2
P.c,y)=e gz@{l T+ 35 [2 2 }} , (46)
2 .. 2
P.c,y) = C—Oez‘soe‘“’ {1 b ;ﬁse - 90)} : (47)
=256, (48)
Co

It is easily verified that this form of P (c, y) is normalized:

e < 2s
fOPc<c,y)dc:f0 ¢ew{1-1+2ﬁs(z-¢>}d¢, 49)

=1. (50)

However, P, is not always non-negative. From equation (47) it can be seen, that P. is negative
if 1 +2s[8 — 2 + ¢] is negative. This occurs for small values of ¢ (small ¢) and large values of s
because 8 < 2. The same holds for the P, of equation (COFIN.166).

This deficiency can be avoided if the general form of the Gamma distribution with p < 2 is
used. If we replace H({) in equation (32) by

__ P -1 _
g,({) = cgr(p)sﬂ” exp(—¢) , (51)
with ¢ = pl/cy, (52)
p—1
£g,(0) = P (p_g) [p =1~ pi/colexp(—=pd/co)., (53)
col'(p) \ co
_p “1r, 1 _ _
= Cor(p)so” [p — 1 - @lexp(~¢) (54)

we get the following relation

peP™t 1+ 25[B—p + ¢l

Pc ’ = 28
.y =e col(p)  1+2Bs

exp(=¢). (55)
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It can be seen that P, is non-negative only if p < 8 = 1.9. It might be possible on the base of the
available data to adjust the value of p or 8 appropriately. A better solution probably is to replace
the Gamma distribution by a Weibull distribution w(c):

o= 216 s3]
¢=co/T(1+1/p), (57)
=25 ol ¢l 1-o(2)]-

In this case, equation (32) takes the form

_ 2P Y _ 1o
P.c,y) =e 21+ 255 exp (—¢P)[1+2Bs —2s(1 + p— 1 - pyP)], (59
with ¢ = & = Se2T(1+1/p). (60)
C Co

_ YT+ 1/p)
Co 1+ Zﬁs

exp (—=y¢") [1 +2s(B — p + py")]. (61)

The distribution of the concentration fluctuations on the plume axis in the moving frame is well
approximated by a Weibull distribution with p ~ 1.6, as can be seen from the following picture:

Distribution functions

1.0
058
SVA
% 06 -
%‘i / . \e Comparison of dis-
:(;‘5 onld \' tribution functions:
g : o Gamma distribution
= j \ with p = 2 (solid,
0.2 4 red), Weibull distri-
1 \\ bution with p = 1.6
0.0 4 e (dashed, green) and
0 1 2 3 4 5 6 )
cicm experimental  data

(dots).
Using this Weibull distribution the pdf P, is non-negative.
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